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A simplified approach

Andrea Marini and Michele Cini
Istituto Nazionale di Fisica della Materia, Dipartimento di Fisica, UniversitaRoma Tor Vergata, Via della Ricerca Scientifica,
1-00133 Roma, ltaly
(Received 11 June 1999

We propose a computationally simple model of Auger and Auger photoelectron coincidence spectroscopy
line shapes from open-band solids. Part of the intensity comes from the decay of unscreened core-holes and is
obtained by the two-body Green’s functi®}? , as in the case of filled bands. The rest of the intensity arises
from screened core holes and is derived using a variational description of the relaxed ground state; this
involves the two-holes—one-electron propaga®yy, which also contains one-hole contributions. For many
transition metals, the two-hole Green’s functiGrff) can be well described by the ladder approximation, but
the three-body Green’s function poses serious further problems. To cal@jatgeating electrons and holes
on equal footing, we propose a practical approach to sum the series to all orders. We achieve that by formally
rewriting the problem in terms of a fictitious three-body interaction. Our method grants non-negative densities
of states, explains the apparent negativeéehavior of the spectra of early transition metals and interpolates
well between weak and strong coupling, as we demonstrate by test model calculations.
[S0163-182009)11939-9

. INTRODUCTION terms of the two-hole Green’s functic®?), computed in
the absence of the core hole. Using Galitzkii's low-density
The core-valence-valend€VV) Auger spectra of solids approximatiof® (LDA) the dominant diagrams of the pertur-

with closed valence bands are well descritiaderms of the  pation expansion of th&® are just the same ladder dia-

two-hole Green’s functio®”’ by the Cinf* and Sawatzky  grams which provide the exact solution for,—0. This
(CS model. The CS model allows one to understand thejives a satisfactory explanation of the Auger spectranfpr
phenomenology involving bandlike, atomiclike, and interme-~0.1, which includes interesting cases like Ni andPd,
diate situations in terms of the/W ratio of the on-site re-  even in finely dispersed forft.To extend the LDA to larger
pulsionU to the bandwidthV. For low U/W, the line shape n, , a self-consistent version of the low-density approxima-
is close to the self-convolution on the local one-hole densitytion that involves using dressed propagators in the ladder
of states; with increasing)/W, the shape is distorted until, series was naturally suggestéddowever an unexpected re-
for a critical value of the ratio, two-hole resonances appearsult cames from cluster studi@svhich clearly demonstrated
They correspond to poles fo), as calculated from Ander- that the ladder approximation with bare propagators is supe-
son, Hubbard, or related models. Atomiclike peaks and banddor and is a good approximation @ff) for a widen;, range.
like structures are often obsentdd the same spectrum. For This is the bare-ladder approximati6BLA ). This approach
high U/W (atomiclike caspthe Auger line shapes are so has been useful to interpret the line shape of grapfite.
close to the free-atom spectra that they are labeled by LSJ The next turn came from experiments on earty tBansi-
terms and levels. Detailed studies of noble transition metalgjon metals, like Ti and St that could not be interpreted by
like Au (Ref. 5 and Ag (Ref. 6 led to a very good agree- the above theory. The maximum of the line shape was
ment between theory and experiment, and also allowed thshifted by the interaction to lower binding energy, which is
direct observation of off-site interaction effe¢t# similar  the contrary of what happens in closed-band materials.
success was achieved for covalently bonded sélits all Qualitatively the CS model could work if one admitted that
cases the diagrammatic expansiorij) is just a ladder of U<0, and such an explanation has actually been propised.
successive interactions between holes without self-energy However, no other evidence bf<0 was found,; rather, it
terms or vertex corrections. became clear that for almost empty bands one must formu-
For open valence bands, the theory is much more complilate a theory which is no simple extrapolation of the closed-
cated, and it is known from experiment that no such narrowband approach. Sariafirst suggested that the Auger line
atomiclike peaks exist any more. However, for almost com-shape of Ti looks like some linear combination of the one-
pletely filled bands, when the number of holes per quantunelectron density of states and its convolution. Using this hint,
staten,<1, remnants of the atomic multiplet structure areand a general formulation of the Auger decay by Gunnarsson
still observed and the closed-band theory can bend Schiahammer? a simple explanation of the apparent
extrapolated.To a first approximation, one can assume thatnegativet) behavior was found In this theory, the Auger
the valence electrons remain frozen during the core ionizaline shape has two main contributions, that we call unrelaxed
tion, and in the initial state of the Auger decay the valenceand relaxed, respectively. The unrelaxed contribution is ob-
configuration is the same as in the ground state. The intrdained assuming that the Auger decay occurs while the con-
band shake-up effects a@(n,), and can be _accounted for duction electrons are in their ground staf in the absence
by convolving with an asymmetric Doniachujic*® line  of the core hole. The density of states which shows up in this
shape. In this way, the CVV spectra are still described incontribution is obtained b}GEf), like in closed-band sys-
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FIG. 1. Second-order contribution to the three-body Green’s function. Using(Ed€) we cast it in the form of a product of three
“blocks.” These are easly dealt with by a Fourier transform.

tems. However, this is only a part of the story, and in manyscattering at the Auger site, since in this way we drastically
ways the easy part, because the screening electronic clowimplify the algebra, and the line shape is little influenced by
that surrounds the core hole can participate in the Augescattering at the other sité6Many Auger line-shape calcu-
decay. The ground state) in the presence of the core hole lations in solids have been performed in this way.

also enters the description. The relaxed contribution is com- The local interaction approach has been extended success-
puted with|¢) as the initial state of the Auger decay. We fully to open band$?*3In the present work we want to study
summarize in Appendix A the argument wich leads us toits application to more general,. This should allow us to
express the relaxed contribution in terms of a three-ktity  extend the analysis to several transition metals, giving at

Auger holes and the screening elecjrdensity of state®; least a qualitative understanding of their spectra, which is

this is obtained from the Fourier transform of the0 part of  currently a difficult task.

the Green’s function: In order to evaluate the results properly, one should bear
o in mind that currently even fo&?) we have reliable recipes

GlaBiy,viarit) only for n;, less than~=0.25. This problem involves one more

body and highly excited states of interacting systems; conse-
quently even the main features of the solution are quite an
Qnsettled question.

=(~D)¥(yiT{al, (Daf(Vay(va]aga,ilv). (LD

Here operators are in the Heisenberg picture, and we intr
duce a special notatioa, , B, ... to indicate the set of quan-
tum numbers of the local valence spin orbitals belonging to A, Ladder approximation of the two-hole propagator
the atom where the Auger decay occuitee Auger site, for _ , ()
shor. Experimentally, one can single out the relaxed contri- "€ time-dependent Green’s functidd,” allows the
bution of Eq.(1.1) by properly fixing the photoelectron en- usual p(_arturbat_lon expansion, in terms of time-ordered prod-
ergy in an Auger photoelectron coincidence spectroscop{/Cts of interaction-representation operators, namely,
(APECS experiment? 2 where the Auger electron is de-

tected in coincidence with the photoelectron responsible of G(a B8] e ;t)

the core-hole creation. Fixing the photoelectron energy, the

Auger electron measured in coincidence comes from the de- B ) o o N N
cay of a few dominant intermediate states in the presence of _; (_')nffwdtl'"ﬁmdtn”{am(t)aﬁu(t)
the core hol&®

Since Eq.(1.1) is hard to calculate and even much harder X HU(tl)---HU(tn)aﬁl’aal’}>cv (2.1

than of G!?), we propose a simple approach in the spirit of

the BLA. If we wish to design an affordable scheme in thISwith the average taken over the noninteracting ground state

difficult problem, we must be prepared to adopsexiesof . . . .
approximations: the Cini model, the ladder approximation,| o) and the sum restricted to the topollog|cal_ly me_quwalent.,
connected diagrams. Ordering the spin orbitals in an arbi-

and a new one, which we call the core approximation. SeC’Erar way, we may write the Coloumb valence-valence inter-
tion 1l is devoted to a formulation of our scheme. The degreeactﬁc/)n bg:[ween tﬁ/ose of the Auger site in the form
of validity of our approach will be investigated by compari- 9

son with exact results from cluster calculations in Sec. IIl.

Ho= 2> U a'a'a a 2.2

Il. PERTURBATION EXPANSION OF THE TWO- VI T T
IS VELpI=T)

AND THREE-BODY GREEN'S FUNCTIONS

In the Cini model, we express the Auger line shape inThe diagrammatic method develops H@.1) in terms of
terms of local Green'’s functions, like the one of Ed.1); local noninteracting time ordered one-body propagator
moreover, we calculate them by considering only the localSy(«a;,8 ;t),
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So(a ,,3|§t)=58(a| B =SN(Br,a—1), (2.3 Here the average is taken over the noninteracting ground
state |#,) with energy Ey. For n,<0.25 and a range of

where
U/W, a good start is provided by the BLA. In the BLA, one
So(e . Br;t)=—i6(t)(al (Hag), (24 selects the series of ladder diagrams which are free of self-
. ) . energy insertions and vertex corrections. This is equivalent
So(Brian; =) =—i0(—t)(aga, (1)). (2.9 {9 the approximate factorization
<T{all(t)a};l(t)Hu(t1)---Hu(tn)aglfaa;}%
~ X Uy (Tl (Daf (Da, (t)a, (t)})(T{a), (t)a), (t)Hy(ty).. Hu(t)agan e (2.6
<< 1M1P17) I I I I I I 9
|
Since keeping only those diagrams that remain in the closed-band
_ + " limit. For closed bands, the one-body propagators of Eq.
gla B npiit—t) =(T{a, (Hag(ta, (t)a, (t)}) (2.3) reduce to theS) part; therefore, lines that start as hole
2.7 lines never go back in time and remain hole lines throughout

is the noninteracting Green’s function, the BLA leads to  the diagrams. So, the order of timég,,t,,...,0 remains
fixed (decreasingdespite the presence of the time-ordering
G?(a\B B af ;t) operatorT.
The convolution form of Eq(2.8) has furter important
_ Por ey consequences. Mathematically, it is a Dyson equation in
=9(apypiaiit ',L|<;:pl<fI Ysmorn which theU matrix is an instantaneous self-energy. There-
fore, it grants the Herglotz property: for any interaction
strength G(®) generates non-negative densities of states. The
Herglotz property is a basic requirement for a sensible ap-
proximation, yet it is not easily obtained by diagrammatic
XGP (v, B af 5ty). (2.8)  approaches. Its achievement is one of the most interesting

Going to frequency space, this becomes a linear algebraf€@tures of this simple approximation.
system. Equationi2.8) is called the bare-ladder approxima-
tion because it uses undressed single-particle propagators. It
is the exact solution fon,=0, and remains a good approxi-
mation for a useful range af},. It is simply equivalent to The Green'’s functioril.l) yields the expansion

X f_ dtig(a By, mipy;t—ty)

B. Ladder approximation of the three-body propagator

GlaBin v Blaf =2 (~1)"(~i)"*? f . f dt(T{al, (D) (02, (OHU(t) . Hy(t)al aga, ..
(2.9

This describes the propagation of two holes and one electrotween the two holes in a given term of the expansion; then,
in the final state, or, if the electron and one hole annihilate, ahe electron line overtakes tintg; therefore, the diagram
one-body propagation resultsee Sec(ll) V). In proposing does not yield a convolution of a function oft; times a

an approximation of Eq(2.9), we may proceed by analogy function oft;. This undesirable feature can be removed by
with G2. For G, it is natural to propose a bare-ladder ap-using the identities

proximation in which the lines that start as electrdmwle)

lines never go back in time and remain electfbole) lines

throughout the diagrams; such an approximation should have h L h o eh "

essentially the same physical contents as in the previous case ~ So(@1:8i =i 27 Solar, it=t)Sp( . Bi5t")

and work properly in a wide range &f and fillings. How- (2.10
ever, the series cannot be summed easily like in B®),

because with three bodies involved we meet an extra diffi-

culty. For instance, leH(t;) produce an interaction be- and
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S§(ar.Biit) = uEy Sy, yit—t)S§(7.83t)), ss<a|,ﬁ|:t>~i27<aal Wayap).  (211)
(2.10)

where the summations run over all the complete set of spi
orbitals. These identities are derived in Appendix B. Here we
note that in the limit=t’—0", we obtain

I§|nce the ground state is not the hole vacuum, aT>
# 6(y,B); thus the correct limits are obtained only thanks to
the completeness of thgset.
To see the use of Eq2.10, consider, for instance, the
application to one of the second-order contributions to Eq.
Sh(en B ——i 2 (ala,)alag) (2.1)  (2.9. Using the standard diagrammatic rules, the left-hand
7 side of the uppermost Equation in Fig. 1 reddaderstand-
and ing a sum over repeated indiges

GZ(alﬁl Y !YI,BI/aI, = _UM|V|p|T|U,LL|,V|,p|/T|,(_i)zf f_wdtldt2[sg(yl g ’t_tl)sg(ﬁl 1P vt_tl)

X SP(ay,pf s t—t) XS, 7 ti—t2)S§(71, ¥ i) SO(v LBl 1) Sh (el el 5t2)]. (2.12

Using identities(2.10), one casts Eq2.12) in the convolu-  plest approximation by drastically limiting thg summation

tion form to the local statey, . We have observed above that summing
over the completey set is necessary to obtain the correct
GaolaiBiv,viBl e ;t) zero-time limit. In turn, this is essential to preserve normal-
ization. If we simply replacey with y, in Eq. (2.10, this
= U, 7Y wl v ol ol XE f J dt,dt, condition is violatedsee Eq(2.11)]; therefore, we introduce

a set of functiondR~(«a;, B, ;t) which approximately factor

the propagator in analogy with Eg&®.10 according to the
X[Gola 1By, vipra;t—ty) propag 9y a2.10 9

ansatz
XGo(ap 7,y p ;t1— 1)
—j T ~ + Y Y
XGolu v 7,7 Bl ) it2)], (2.13 ( I)<a“|(t)aﬁl> ;I R™(ay, yit=t )<a7|(t )ag)
where (2.19
1l e ’ h ’ h ’ and
GolaBy,y' B a";t)=S5(v, v )S(B.B ;I)So(a,a(:t)-4)
2.1
—iXa, (Hhahy~>D R (a,y;t—t")a,(t)ak),
This is the expression that we represent pictorally as the (=X i ) B'> ;. (¥ A nl ) B'>
right-hand side of the uppermost equation in Fig. 1. In this (2.18)

way, introducing a fictitiouxinteraction vertex, along with

the true interaction vertexdot), we obtain a factorization

similar to Eq.(2.6) and the diagram is cast in the convolution

form. This useful property extends to all the diagrams of the

bare-ladder approximation. (—i)<a2|(t)aﬁ,>=§ R*(ay,m;t)(alag) (216
|

wheret’ is any time intermediate between 0 andhe R()
functions are computed for ariyby solving the system

C. Core approximation and

We achieved Eq(2.13 in the form of a convolution,
which is a large simplification. However, the infinite summa- (—i)(ag(hap)= > R (), (ay,ap)-
tions (one for eacKinteraction) are a high price to pay for N (2.16)
that. They arise because Eg-10 imply a summation over '
the complete set of. On the other hand, since we use a localThe system must be identically satisfied for anyand in
Hy, the dot interaction involves only local matrix elements particular the correct— 0" limit is granted.
between spin orbitals; thus we are only interested in the local Equations(2.16) are correct in the limit of core states,
elementsS™(«, , B, ;t). Physically, we may expect that only whenS"¢(qa,,8,;t) is diagonal in its indices and coincides
the sites which are closest to the Auger site give an importanwith R*; therefore we call this the core approximati@?).
contribution to the summations, and we can actually workThe ansatz is also correct in the strong-coupling case, when
with a limited set to express the loc&"®(«a,,,;t) ele- localized two-hole resonances develop. This is appealing,
ments. Larger sets will lead to more precise results, at theince the strong coupling case is the hard one, while at weak
cost of more computation. Here we wish to explore the sim-coupling practically every reasonable approach yields similar
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results. Thus, we regard the ans&®z15 as a physically referred to as core-ladder approximati@@LA). From now
motivated aproximation, which must be tested against exaan only local indices appear, so we shall dispense with show-

results for its validation. ing this explicitly. In the exact expansidg.9), with the local
Hy denoting the interaction Hamiltoniai2.2) between fer-
D. Summing the three-body ladder mions at the Auger site, the outgoing holes at titnare

Working out the CA as in exampl€.13, one can com- labeleda and B (creation operatojsand the outgoing elec-
pute all kinds of ladder diagrams, to all orders. The partialtron y (annihilation operator In the CA, for thenth term of
sum of the serie$2.9) that one obtains in this way will be Eg.(2.9),

Gn<aﬂy,y'ﬁ'a':t>=<—1>”<—i>3"+3f dtlf dtz...f d, S U,
— 00 — 00 — 00 /L

<v,p<T

x(T{al(haj(ha,(hal(tyal(ty)at)a(t)Hy(ty).. Hy(thaaga.e, (217

we consider the times ordered witket,=---=0; let us first analyze the contribution which arises witg(t,;) describes
hole-hole scattering. In the expansion of fheroduct of Eq.(2.17) by Wick's theorem, we contract the and B8 creation
operators of the outgoing holes with the annihilation operators attjmebtaining, among other terms,

(T{al(ha,(t)})(T{aj(ha,(t) ) T{a,(hak(t)alt)Hy(ty)..alaga.t)e, (2.18

This, however, cannot yet be factored in the convolution form because the last term (@B depends on. In the ladder
approximation, the annihilation operatar(t) can be contracted with any creation operator at whatever tjme. t, or 0.
Using the CA we can insert & vertex at timet; on they electronic line(a: in Fig. ) namely,

(T{al(ha,(t)})(T{aj(ha,(t) ) T{a,(hak(t)al(t)Hy(ty)...alaga. e
=<T{aL<t>a,J<t1>}><T{aI;<t>ar<tl>}>2§ iR™(y.&t—t)(T{agtyal(tal(t)Hy(ty)...alaga, }e.

(2.19

This result can be easily verified by expanding with Wick's where underlined hole indices correspond t&a contrac-
theorem, and then applying Eq2.10), although the proofis tion.
somewhat lengthy. In Eq2.19, the propagation between A glance at Eq(2.17) reveals that the last factor on the

timest andt, is described by the factor right hand side of Eq(2.19 is the matrix element which
GolaBy,érpit—ty) entersG,,_1; hence we obtain the CLA form for one of the
- terms of ordem of the development, corresponding to dia-
=R (7,&t—1)SH(B, mit—t) S, pit—ty); gram(a) of Fig. 2:
(2.20
this is similar to a noninteracting three-body propagator, ex- oc
cept that thes® has been replaced byRy . As a shorthand - 2 Uuvpr E f dt;Go(aBy,émp;t—ty)
notation we underline the electron indices that correspond to MSPp=T & Joe )
anR™ factor. In a similar wayH ;(t;) can make, other pos-
_S|ble Iaqlder contributions to _qu.17), these come fr(?r_n thg X Gy (uvé,y B’ a’;tl)}. (2.23
interaction of they electron with one of the two holes; in this

case is the other hole that goes txaertex, and we obtain
the factors

Go(aBy,y' B a';t—tq) In other terms of the expansioH,,(t;) describes the in-
B ) . X teraction of they electron with thea and 3 holes; in addi-
=So(y, v it—t)R™(B,B";t—1)Sp(a,a’;t—ty), tion, each contribution has an exchange counterpart, obtained

(2.20) by crossing the hole lines going frotrio t,. Thus applying
the CA to the other contractions of E@.17), we obtain the
Go(aBy,y'B'a';t—ty) six contributions represented in Fig. 2. Lettimg-o and
Fourier transforming, we obtain a linear system of equations
—_ e Pt h Pt + Pt .
=Sy YTt SB AL )R (@@ St=t)s g e LA form GEA(aBy, v B @’ w) of the three-body
(2.22  Green’s function, namely,
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>

u<v

S Upp:BolaBy£mp;0) |GEA(uvé,y B’ a's0)

p<T

GCWaﬁy,y'ﬁ'a';w):Bova,v'ﬁ'a';w)—g

- 2 U,uvpr[Bo(a/_g%V§P§w)GCLA(,LL§T,7’,8’a’;a))

m<v,p<T

+Bo(c_vﬁ%,w§;w)GCLA(SVp,Y'B'a’;w)]}, (2.24

where theB, functions are
Bo(aBy,y' B'a’;0)=GolaBy,y' B'a’;0)
—Go(Bay,y'B'a’iw),
Bo(@By,£7p;0)=Go(aBy,£7p;0) — Go(aBy.épriw),

(2.25
Bo( By, vép; ) =GolaBy, vép;w)— Go By, vp&;),

spin component as the electron, then, contracmig‘@) with
a,(t) andag, with a;, in Eq. (2.17), one obtains the extra
contribution

G*P(aBy,y'B'a’;)=(—1)(aja,)al az)S(a,a’;1),
(2.26
where S(a,a’;t) stands for the time-ordered dressed one-
body Green’s function that can be expanded with

Bo(aBy,uté;0)=Go(aBy,uté;w) —Go(aBy,ném o). S<a,a’;t>=§ (=" f dt.. f dty(T{ag(t)
The second, third, and fourth lines of E@®.24) come,
respectively, from théa) and(b), (c) and(d), and(e) and(f)
diagrams of Fig. 2; while the first two contributions come
from the hole-hole interaction, the others come from . . .
electron-hole interactions and convey information on the , At second order of E¢2.27), we find eight diagrams free

screening effects due to the electronic cloud which forms an Hlartreel]Fcagk(Fadpolé msertlﬁns thath'V% ”Sﬁ. tﬁ f?]ur
a response to the deep electron ionization. topologically distinct ones, as shown In Fig. 3, which shows

how the second-order self-energy can be expressed in terms
of the hole-hole-electron Green’s functi@ The rules are
(i) write down a diagram fof5; (ii) join the incoming elec-

At the same level of approximation we must consider thetron line with one of the hole lines into an interaction vertex
case when ongor both the holes produced by the Auger and draw an interaction line to the other hdié, repeat the
transitions has the same spin as the screening electron. Cooperation with the outgoing lines, ariiv) do all this in all
sider the spin-diagonal componenG(aBy,y’' B’ a’;t), possible ways. This is a general result that can be extended
(with o= 0, , and so ot when the hole3 has the same  to all orders yielding the Dyson form f&(«,a'; ),

XHy(ty)...Hy(th)ag e, (2.27

and summed with the Dyson’s equatfdin terms of proper
self-energy diagrams.

E. Single-particle contribution

S(a,a’;0)=Sy(a,a’;0)— > >

UpU o oAl So(@,pr0)G(urvr,v' 7'p" w)
w <y p'<r u<v,p<Tt
—Sy(arw)G(puvp,v' 7'p" 0)IS(p',a";w) +[So(@, 70)G(pvp,u'7'p" 0)

~So(a.p;0)G(prr,u'7'p" w)1S(v' 0" w)}; (2.28

at second order this reduces to the four terms of Fig. 3. Webtained by the corresponding one-body calculation. In Sec.
obtain a conserving approximation for the proper self-lll, when comparing the line shapes with exact diagonaliza-
energy, using the CLA approximation for the three-bodytion results, we shall align the Fermi levels accordingly.
Green’s functions of Eq(2.28. By solving Dyson’s equa- The deep hole attracts a screening electron that can be
tion (2.28, one can model x-ray photoemission spectra fromdirectly involved in the Auger decay; this is the physical
valence bands with low band filling; this is another field of origin of the contribution(2.26) to the three-body Green’s

application of our approach.
Having computed5, one finds how the Fermi enerds¢

function. Locally, such processes leave the system with one
hole in the final state. The presence of an one-body contri-

is renormalized by the interaction. In general, we shall ref-bution in the Auger spectra from transition metals like Ti or

erence all the three-body spectra to the valuggfvhich are

Sc has been pointed out alreddy?* Besides the three-body
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A
2

A

A

=t
A\
R

4

D FIG. 2. Diagrammatic repre-
sentation of the contributions of
" ™ ' ‘g order n to the CLA[Eq. (2.24)].

The fictitious X interaction vertex
represents R™ function as ex-

1t T1 tn O 14 11 tn O H i
() (d) plained in examplg2.13).
b > y. *>Pp—
i T tn O t i1 tn O

(e) ' 7 ()

[Eq. (2.24] and one-bodyEq. (2.26] diagrams, there are it real TS . For nearest-neighbor sites we assume identi-

mixed contributions. Physically they represent interference.a| matrices

contributions in which the system evolves from one-hole

states to two-hole, one-electron states and back. Here we are tir too

going to neglect those diagrams for the sake of simplicity. {Tii}z(

Such terms can only be significant if the interaction is stron

enough; however, for strong interaction the one- and three-

body contributions are widely separated in frequency, so Wé"'Sh to model the interactions by

may argue that the interference terms are not very important

in general. Thus we write HHub:U[Z NeitNsjy + 2 Ns1oNs2e |-
sij so

G 1 ! ! ,; . . . .
(aBy.y'Ba’io) The full interacting model Hamiltonian cannot be taken to be
=G (aBy,y' B a";0)+GP(aBy,y' B a';w). the sum ofH, andH,,,, becaused, must contain the ef-
fects of the interactions on the one-body states, roughly, at

, 3.2
tip 119 3.2

ext, suppose we have an estimate of the Hubkhahd we

(3.3

(229 the Hartree-FockHF) level. A mean-field average of the
interaction must be subtracted out. Therefore, we assume the
l1l. COMPARISON WITH EXACT DIAGONALIZATION model Hamiltonian

RESULTS

In this section we wish to test the CLA results against H=Ho+Hy, 3.4

those of a model system that can be diagonalized exactly.

A. Model cluster <> —

We consider a five-atom cluster, with two levels for each
atom; the one-body basis elements @ier) with s=1,...,5 i i
the site indexj=1 and 2 the level index and=71, | the t
spin direction; the one-body energies are denotedefy
The atoms 1,...,4 occupy the vertices of a square, and thi
Auger atom is at site 5 above the center. Although this is just
a model, we wish to use it to outline a possible procedure for
the analysis of actual experimental data. Suppose we know
simple one-body HamiltoniaHl , of the system, of the same
level of sophistication as a tight-binding model of a solid,
with a nearest-neighbor hopping term

FIG. 3. Topologically distinct contributions to the second-order
Ho=> Ngeesit > > Ti¥al,agj,, (3.1  self-energy. No tadpole diagrams occur because we expand in terms
sio ifo (s¢') of Hartree-Fock spin-orbitals.
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where (IR’s) of the C,, group, the group of the square. carrying out
the summation on the IR’s of the group in E@®.7), we
H1=Huup— Vire @35 opan
and D(|(T|,J(Tj,k0'k,w)

— T T (IR,N)\ |2 (IR,n) _
= ai_ai. . |EnC S(w+ENZ E),
Vur=U g} [<nsiT>nSil+nsiT(”Sjl>]+; [<nsla>n52¢r % ; |<l/j| 1] kgk| Nt >| (w Nt )

(3.9

+Ng1o(N2o) (Al ,a00(As1,a0,) TH.C)Tl (3.6)  but the operators;, belong to the totalsymmetric represen-
tation A, of and so|¢) and|Ey_,) must belong to the same

where mean values are taken over the noninteracting grourl®. Since the ground statg)) for N=16 and 18 is total
state. In principle, ifH, were a self-consistent-field Hamil- Symmetric we could restrict the summation to thesector,
tonian, a self-consistent calculation ef parameters and

mean occupation numbers would be a more precise proce- S o to_t (Ag,ny |2
dure. In this way, the Hartree-Fock contribution to the self- Dliai,jo; ’ko"’w)_zn: |<"/’|ai”iaj"ja""k|EN*1 )
energy would be automatically enbodied in the bare propa-

gators. In the present paper, we use noninteracting ground- ><5(w+E(NAj‘1n)—E), 3.9
state averages, which is a cruder approximation, because we

wish to privilege the simplicity of the procedure; the simpli- with a strong reduction of computing time.
fied approach already gives gratifying resuliee below.

C. Comparison and evaluation of the CLA

B. Bxact diagonalization calculations By the cluster calculations we want to study the physical

We have chosen the following parameters in @¥;=0  consequences of the hole-electron interaction in the three-
and e;,=1 for all sites,t;;=1.4, andt;,=0.4. In this way  body density of states. Also, we wish to estimate the degree
the bandwidthw, that is the difference between the extremeof validity of the CLA. We performed a comparison with the
eigenvalues oHg, is =~9.6 eV, a reasonable value for a exact results for several valuesdfW. By considering vari-
transition metal. We want the densitiBswhich are related ous possible electron populatiohs<20 in the cluster, we
to the positive time part of the Green’s functiofisl), and  also varied the mean occupation of the Auger site in the
we are particularly interested in the diagonal elementsoninteracting ground state:

D(5i0;,5 0,50y ;w); these are usually the largest and
must be non-negative.

These are given bydropping the site indes=5) (M=52 (Ns1,+ Nszy). (3.10
o ¢y M 2 The test becomes more severe wiahis reduced toward
D(ioj,joj ko w)= ; (¥l aiaiajal—akak|ENfl>| half-filling andU/W is increased. Many different densities of
states are obtained from the matrix element&6b); in the
« 5(w+E§\,”ll— E), 3.7) context of our theory, the density

/At At T

whereN is the total number of electrons in the clustef, is D1n(©)=(¥1asy 852 8611 0@+ H ~E)asy 85 81| ¥)

the interacting ground state with energyand|E{" ,) is the (3.1D
complete set of interacting eigenstates with- 1 electrons. IS of special interest, because in the diagrammatic series the
In one set of calculations we start from a ground state wittnnihilation of the spin-up electron by a hole of the same
N=18 valence electrons, since the maximum occupation i§Pin iS particularly strong, so we may expect that the one-
the cluster is 20, we have two holes. We assume a nonma§Qdy term is important. By contrast, in the density

netic ground state, with one hole for each spin; the configu-

rations are }2=100. In the final state, with two Auger Dznie(®)=(¥/aiyal; asy 8(w+H—E)alyasyasy|y),

holes of opposite spin and a spin-up electron, we find (3.12

(2)(1) =450 intermediate states witi—1 electrons. the same contribution should be smaller and possibly absent.

. In another set .of calculations we start frpm a ground stat&ye shall consider these two examples in turn. In Appendix C
with N=16, that is, two holes for each spin, and obtgl e detail the application of the CLA to the problem at hand.
and E by diagonalizing a {))?x (3)?=2025< 2025 matrix, ~ Although the analytic development can be somewhat boring,
while for [E,_;) we meet the maximum size of matrices in the maximum size of the matrices involved is just 8.
our calculations, namely ;) (3% = 5400. The top frame of Fig. 4 showB,;, for U/W=0.25 with

The sites=5 was chosen to be the Auger atom because ilN= 18, which yields a populatiofin)=0.86 on the Auger

this way the problem is highly symmetric, and we can clas-site. The density is dominated by a single peak at binding
sify all the states according to the irreducible representationsnergy~4 eV, but also shows a pair of wings. Since corre-
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U/W=0.25
<n>=0.86

Intensity

Intensity

18 15 12 9 6 3 0 3
Binding Energy (eV)

—r o -

T T T T T T
UW=1 " Uw=1
<n>=0.86 <n>=0.72

£
8
£
21 18 15 12 9 é é 6 3 18 1A5 1‘2 ——;_:me;- = é 6 3I 6
Binding Energy (eV) Binding Energy (eV)
FIG. 4. Binding energy dependence Df}, for (n)=0.86 with FIG. 5. Binding energy dependence Bf, for (n)=0.72 with

U/W=0.25 (top frame andU/W=1 (bottom fram¢. Heavy line:  U/W=0.25 (top fram@ andU/W=1 (bottom frame. Heavy line:
exact result; light line: CLA; dashed line: one-body contribution to exact result; light line: CLA; dashed line: one-body contribution to
the CLA result; dotted line: three-body contribution to the CLA the CLA result; dotted line: three-body contribution to the CLA
result. The line shapes have been convolved with a Lorenf#i@n  result. The line shapes have been convolved with a Lorentien
full width at half maximum(FWHM) is 0.75 eM. FWHM is 0.75 e\J.

lation effects are moderate and the filling is fairly high, thereproduce the shape of the high-binding-energy structure;
CLA is still in good agreement with the exact results. however, the position of the main peak is correct and the

In the bottom frame of Fig. 4 the interaction is increasedoverall line shape is in fair agreement. Moreover, the perfor-
to U/W=1. The pattern does not show any major changesmance of the CLA does not break down quickly with in-
except for a shift and an increase of the structure at higltreasingU as weak-coupling approaches tend to do, but re-
binding energy. The shift=5 eV) is large, which is under- mains fairly stable. This can be seen in the bottom frame of
standable because the filling is high and the screening uneFig. 5, where the comparison is done witiw=1. Due to
fective. The value ol is well outside the scope of weak- the effective screening in this case, the increas& afoes
coupling approaches, but the CLA still reproduces the exaahot cause a dramatic shift of the high-binding-energy struc-
results rather well. ture; this is borne out by the CLA, and we may still speak of

Both the line shapes and the accuracy of the CLA aresemiquantitative agreement. The CLA also explains the in-
sensitive to(n). In a series of calculations, we skt=16, crease of the relative weight of the three-body contribution
which yields(n)=0.72. with reducing band filling.

In the top frame of Fig5 a moderate interactiot /W As one could expecDp1e(w) has much more weight at
=0.25 is assumed, and the exact results show a threshohigh binding energies tha,,,(»), as one can see in Fig. 6;
peak centered at the Fermi level accompanied by a rich struda the bottom frame we have chosen the moderate coupling
ture between 5 and 11 eV. The CLA somewhat underestieaseU/W=0.25 with(n)=0.86, as in Fig. 4.
mates the intensity of the main peak, and does not faithfully The overall agreement of the CLA with the exact results
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UMW=0.25 UMW=0.25
<n>=0.86 <n>=0.72
2 2
E E
21 8 15 2 o s 3 o 3 22 19 1 1 10 7 s 1
Binding Energy (eV) Binding Energy (eV)
Um=1 UMW=1
<n>=0.86 <n>=0.72
z
3 z
g g
E E
24 21 1 15 12 ) 6 3 ) 3 0 10 16 y o 7 " 1
Binding Energy (eV) Binding Energy (eV)
FIG. 6. Binding energy dependence®$, for (n)=0.86 with FIG. 7. Binding energy dependence®j;, for (n)=0.72 with

U/W=0.25 (top framg andU/W=1 (bottom frame. Heavy line:  y/w=0.25 (top fram¢ and U/W=1 (bottom fram¢. Heavy line:

exact result; light line: CLA; dashed line: one-body contribution to exact result; light line: CLA. The line shapes have been convolved

the CLA result; dotted line: three-body contribution to the CLA wjith a Lorentzian(the FWHM is 0.75 eV.

result. The line shapes have been convolved with a Lorentiien

FWHM is 0.75 eV. A particularly hard case is shown in Fig. 7 where the

filling is rather low (n)=0.72). No single-particle contribu-

is quite good for the main peak, and even the small structuregon exists in this case becau{s$|agﬂa5m| Yy=0.

at lower binding energy are reproduced in some detail. With For U/W=0.25 (top framé the agreement is fairly good.

increasingy, these structures are largely Igbbttom frame  For U/W=1 (bottom fram¢ the exact line shape shows

of Fig. 6); the CLA deteriorates in those regions where thethree partially resolved broad peaks covering a range 10

intensity is low, but the overall line shape is still satisfactory.eV in binding energy. The CLA in such severe conditions
The most remarkable feature is that the large increase ghisses the main peak position k1 eV, and underevaluates

the interaction strength produces a rather small increase a@fie low-binding-energy shoulder; however, we can still

the binding energy of the dominant peak compared to the toplaim at least a qualitative agreement with the results of the

frame of Fig. 6. This would not be understandable if the pealexact calculation.

were a two-hole resonance. In all cases we find that the Herglotz property is fully
Physically, the shift is refrained by the screening of thepreserved; this is a most valuable feature which is not easily

two holes by the electron, which also becomes more effecobtained for approximate three-body propagators. For in-

tive with increasingU. Our simple approximation correctly stance, the approach of Ref. 21 fails in this respect at strong

accounts for the screening effect and consequently predictsupling.

the position of the main peak quite accurately. It is not sur- Comparing the two frames of Fig. 7 we observe the ap-

prising thatD,p;(w) is more difficult to approximate in parent negativé behavior: increasing the interactiah the

detail thanD;,(w), since many more, highly excited final main peak shifts toward lower binding energies; this is a

states are reached with three quasiparticles than with one. consequence of the interaction of the screening electron with
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the two Auger holes. We remark that a high enoumghis % 3 et )

necessary to build up a localized screening cloud. This is J(Gk):fo dtlJO dtaf(ty,tp)e' W2, (A1)
why the negatived behavior is observed in the early transi- o .

tion metals, but not in the late ones. Here, Hg represents the valence Hamiltonian without the

core hole,|y) its ground state, an#i’ the valence Hamil-
tonian in the presence of the core hole,

IV. CONCLUSIONS

f(ty,to)= 2 (ple ™ 1D my(m[H eMs 12 H ")

To model Auger and APECS line shapes, we need a reli- o

able practical recipe for a three-body propagator, which o

poses much more difficult problems than the one- and two- x(m'|e M 1Dty (A2)
particle Green’s functions. The core-ladder approximationynere

that we are proposing produces a dramatic simplification.

The problem is reduced to the calculation of the mean-field _

one-body Green’s function and to the diagonalization of Ha ;ﬁ MapBgads (A3)

small matrices. Comparison with exact model results Showf)roduces Auger holes with matrix elemeMsin spin orbit-

that one can capture .the essential physics of a fc.>rmidablg|S denoted by Greek symbok.is an operator which pro-
problem \lNh#:h otherwise would require an excessive COMy ces virtual Auger transitions, core and free-electron opera-
putational effort.. h th q bod bl tors have already been averaged out, and rthand m’
Experience with the one- and two-body problems Sug,nmations run over a complete set of valence states. In Ref.
gests that the three-body ladder series, without self-energy; 5 gimple approximation was proposed. The basic idea was
and vertex corrections, is a prosiming approximation: ity,at the complete set of summations are largely exhausted by
treats electrons and holes in the same way, and prOdUC‘éﬁmming over just two orthogonal states, namglyand the

non-negative densities of states. From a mathematical views, oy ad initial state of the Auger transitiof); that is, the

point, the CLA that we are proposing is the first step of ag:/ound state of the valence electrons in the presence of the

procedure which eventually leads to the exact summation g ore-hole potential. In this scheme, the Auger spectrum has

the three-body ladder series. Like perturbation theory an o main contributions, relaxed and unrelaxed. The unre-
other approaches to the many-body problem, it allows SYSraxed contribution arises fromn=m’

tematic improvements, when required, at the cost of mor
computation. Physically, this simple approximation is well I : S . s
motivated and well balanced, and we provided evidence the{ﬁ)l ﬁ;legocontnbunon arises from=m'’=|¢), and is propor
it correctly describes the effect of the screening electron over

the two finall-statc_a.holes. The CLA 'is very_accurate in the (¢|a£a2e‘”s“l‘t2)aﬂfaa,|¢>. (A4)
easy caseshigh filling and/or small interaction however,

many transition metals are in the range of fillings ddd By a variational calculation Cini and DrcRalshowed that
where it is useful, and the approximation remains reasonable,

Herglotz and qualitatively good even fdd/W=1. This |¢>°<Z aZ ae| ), (A5)
holds true for both the one-body features and the two-hole— a

one-electron contributions which result from the full three-
body Green’s function. The property of the CLA of remain- : - .
ing qualitatively correct even at rather strong coupling, wherAUger site, ande annihilates an electron at the Fermi level.
all other simple approaches badly fail, is an appreciable feal? this way the screening cloud is represented by a single
ture. It depends on the fact that the core approximation begléctron that has moved from the Fermi surface to the empty
comes accurate at strong coupling, which is the most criticalocal states of the Auger site. Using E85) and(A4), one
regime for perturbation theory; on the other hand, it allowsobtains an expression for the relaxed contribution to the Au-
one to carry on the theory to all orders, while treating theder line shape, involving the three-body Green’s function of
screening electron and the Auger holes on equal footing. WEA- (1.1).

are currently working out the application of this approach to I APECS, on the other hand, one measures the Auger

a line-shape analysis of actual experimental spectra. electron energy distribution in concidence with the photo-
electron energy, and one can selectively study the decay of

the relaxed hole state. Semiempirical stutflehow that for
ACKNOWLEDGMENTS a broad range of photoelectron kinetic energies the summa-

_ . _ __ tion overmandm’ is dominated by/¢).
This work was supported by the Istituto Nazionale di Fi-

sica della Materia. One of U#\. M.) has been supported by
the INFM.

=|¢), and can be ex-
Pressed in terms of the two-hole Green’s functi®ff’ . The

WhereazI creates an electron in a localized spin orbital at the

APPENDIX B: PROOF OF EQUATIONS (2.10 AND (2.10)

In first quantization the operatcazaﬁ becomes|a)(3,
and one can easily show thaaz(t)aﬁ(t’) becomes
eMot| a)(Ble""Hot". The average of any one-body operator
In a simplified form of the one-step mod&bf the CVV  on a Slater determinant is the sum of the averages on the
Auger spectra, the current of electrons with ene¢gynea-  occupied spin orbital& Therefore, lettingf,=1 for occu-
sured in a Auger-electron-spectroscopy experiment is pied states andl,=0 for empty ones,

APPENDIX A: AUGER AND APECS CURRENTS
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i\yeh . + h N+

4 , - 20,20;t)=R" (20,10t 10,2030
(al(hag(t) = fe " UKla)(plk). (BI) (71)3(20203) =R7(207 10, ) S( 1o 207307
k +R*(20,20,1)S)(20,20,0"),
Therefore, summing over all the atomic spin orbitals, one

obtains yielding
R*(1lo,10,t) )

> (al(ha,t))(althag)=2 > fifwe' < (K a) (R*(la,za,w
Y Y kk' R*(20,20,t)

X(ykye' € (K [7)(BIK').
(B2)
Now, exploiting the completeness of theset, we obtain

Niog Ezzn _0 Sh(10,20,t)
0 N, Ny, SB(ZU,ZO',t)

(ﬁllﬂ' ﬁ].2,0' 0 )1 SB(lO',lO’,t)
= (=)

(C2
> <a2(t)ay(t,)><a;(t,)aﬁ>:Ek: fee' (k| a)(Blk") wheren;; ,=Si(io,jo;0"). The diagonaln elements are
7 much larger than the off-diagonal elements, and the problem
=(a£(t)a3>. (B3) is well posed. A similar procedure gives tie functions

. ) using the propagatoiSi(io,jo;t).
In Eq. (B3), the timest andt’ are arbitrary. We are free to We consider the spin configurations
insert ¢ functions to distinguish between positive and nega-
tive t, and ensure that is intermediate betweerand 0. This G(ijk,K'j'i";0)=G(iTj kT ,K'T]"]iI"T;0), (CJ3

proves Eq(2.10. where thei,j, i’, andj’ indices refer to the holes. To find

them, we explicitly write the CLA equation®.24), where

only the interactions involving the orbitals 1 and 2 at the
From the diagonalization of the one-body part of theAuger sites=5 appear. In the Hubbard model the interaction

problem, including the Hartree-Fock terrf&6), one readily ~ terms are proportional to the product of number operators,

obtains the propagat@®)®(io,jo;t) wherei=1 and 2 and and this entails the condition

o=1,]. Since there are two local orbitals in this model and U —Us. .8 (Ca)

the matrix{T;;} is real, the set of equatiori2.16) represent MapZPT

a 3x 3 linear problem that determines each component of th&hat simplifies the set of equatiori2.24) that reduce to an

R* matrices, from which th&, matrices(2.25 can be easly 8X8 linear system. It is convenient to use the shorthand

APPENDIX C: APPLICATION OF THE CLA

nypT

obtained. notation where underlined numbers mark the positioR6f
For clarity, we report the system which determirs: functions, namely,
(—)S)(10,10;t)=R"(10,10,1)S}(10,10;0") Golijk,11L;0)=Si(i,1;0)S)(j,L;0)R™ (K, L),

+R(10:20.0)%(20.10:07), Golijk 11110) = i, Liw)R' (] Liw) Sk Liw),

_iyah ) pt h N+
(—1)Sy(10,20;t1)=R"(1o,10,1)Sy(10,20,07) Go(ijk,lll;w)=R+(i,1;w)SB(j,l;w)SS(k,1;w);
+R"(10,20,t)S)(207,20507), - (C5)

(C1)  then we may write the system in the form

Golijk,k'J i)~ GEA(K,K'j i) = U{[ Go(ijK, 11150) — Goli ik, 113 ) IG(111K' i ;@) +[ GolijK, 211;00)
—Golij k,211;0) — Goli k.25 0)1G(112K'j i ;@) + [ GolijK, 121;00)
~Gy(i ]k 1280)]G(121K'|'i';0)+ [Golijk, 221;0) — Gl i} k,221;00)
—Gy(ik,221;0)1G(122K'|'i';0) +[Gofijk, 1120) — Gofij K, 112;0)
~Go(i ]k 112:0)]G(211K'| i1 0) + [Go(ijK, 21210)
~Gy(i]k,212,0)]G(212K'|i';0) +[Goijk, 122;0) — Gl i k,1220)
~ Go(i ]k 122.0)]G(221K'|'i'10) + [Go(ijK, 22210)

—Go(i]k,222 0)]1Go(222K'j"i";w)}. (C6)
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For theG3P contribution, we use Ed2.28 for the propaga- 3(11,2]:0)=GA(111111,112]11: )
S(jlj" L e)=S(jl,]' ;o) : HO)

+GA(211]27,112]17; )
—U?Y) So(j L kL@)S (kLK L@)SK' L o). -

kk' - +G~(211127,212127; w)
Finally, we obtain the proper self-energiégk|,k’'|;w) +GA(11212],11112];w), (CY
from Eq.(2.28, where we insert the CLA form of the three-
body Green’s function determined above. We recall that the
one-body contributions arise from the anihilation of the up- 3(21,2]:0)=GA(112]11,112]17; )
spin electron and hole; therefore, one is left with the propa- CLA _
gator for a down-spin hole, which is diagonal in spin because +GT(212]21.212] 2T  0)

there are no spin-flip interactions in our model. Taking into +2GCA(112]17,212/21: w)
account Eq(C4), one finds ’ ’
CLA .
3(10,11;0)=GA(111117,1711111; ) TET(2IULLUL2Le), (C10

+G A (211]21,21127; )
+2GA(111111,211]27; @)
+GCLA(ll2l2l,2l2lllaw): (C8) E(Zl,li,w)=2(ll,2l,w) (Cll)
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